In this paper, we show that the ratio of the effective Jarlskog invariant J for leptonic CP violation in three-flavor neutrino oscillations in matter to its counterpart J in vacuum J /J ≈ 1/( C 12 C 13 ) holds as an excellent approximation, where C 12 ≡ 1 − 2 A * cos 2θ 12 + A 2 * with A * ≡ a cos 2 θ 13 /∆ 21 and
Introduction
The matter effects on three-flavor neutrino oscillations in a medium [1, 2] play a very important role in our understanding of various neutrino oscillation experiments [3, 4] . Recently, a complete set of differential equations of the effective neutrino masses m i and the effective neutrino mixing matrix elements V αi (for i = 1, 2, 3 and α = e, µ, τ ) in ordinary matter with respect to matter parameter a ≡ 2 √ 2G F N e E, where E is the neutrino beam energy, G F is the Fermi constant and N e is the net electron number density, have been derived in Refs. [5, 6] to describe the connection between the fundamental neutrino oscillation parameters in vacuum and those effective ones in matter. In particular, a close analogy of these differential equations with the renormalization-group equations (RGEs) has been made in Ref. [6] . In the standard parametrization of the effective mixing matrix V in matter [7] , the RGEs for three effective mixing angles { θ 12 , θ 13 , θ 23 } and the effective CPviolating phase δ are found to be [6] 
32 sin 2 θ 12 sin θ 13 cos δ ,
32 sin 2 θ 12 sin θ 13 sin δ cot 2 θ 23 ;
and the RGEs for the effective neutrino mass-squared differences ∆ ij ≡ m 2 i − m 2 j for ij = 21, 31, 32 are given by [6] d ∆ 21 da = − cos 2 θ 13 cos 2 θ 12 ,
d ∆ 31 da = sin 2 θ 13 − cos 2 θ 13 cos 2 θ 12 ,
d ∆ 32 da = sin 2 θ 13 − cos 2 θ 13 sin 2 θ 12 .
These RGEs resemble very much those of leptonic flavor mixing parameters when running from a superhigh-energy scale to the low-energy scale [8] [9] [10] [11] . For instance, the well-known Naumov [12] and Toshev [13] relations, which were originally derived in the study of matter effects on neutrino oscillations, exist also for the RGE running of fermion masses and flavor mixing parameters in the quark sector and the leptonic sector with Dirac neutrinos [14] . In our previous work [15] , we have presented for the first time the analytical solutions to those RGEs with some reasonable approximations and obtained compact and simple expressions of all the effective oscillation parameters. For three-flavor neutrino oscillations in matter, the leptonic CP violation can be characterized by the effective Jarlskog invariant J ≡ ε αβγ ε ijk Im V αi V J ≡ ε αβγ ε ijk Im U αi U replacement has actually been noticed in the treatment of matter effects on the flavor conversions of solar neutrinos in the two-flavor approximation [22, 23] .
In the present work, we improve the analytical solutions to the RGEs in Eqs. (1)- (7), following the approach suggested in Ref. [15] , and demonstrate that the improvement can be simply achieved by relaxing the approximation of cos 2 θ 13 ≈ 1. Moreover, we apply the improved formulas to the study of the basic properties of the matter-corrected Jarlskog invariant J . As we shall show later, the extrema of J can be easily found and explained. Such an investigation is instructive for our understanding of the matter effects on the leptonic CP violation, which is one of the primary goals of future long-baseline accelerator neutrino oscillation experiments [24] . The remaining part of this work is structured as follows. In Sec. 2, we present the improvement on the analytical expressions of the effective neutrino oscillation parameters in matter. Then, the analytical results are implemented to investigate the extrema of the Jarlskog invariant J in Sec. 3. Finally, we summarize our main conclusions in Sec. 4.
Improved Analytical Solutions
Let us first explain how to improve the analytical solutions to the RGEs in Ref. [15] . For clarity, we focus only on three-flavor neutrino oscillations in matter in the case of normal neutrino mass ordering (NO) with m 1 < m 2 < m 3 (or ∆ 31 > 0). The case of inverted neutrino mass ordering (IO) with m 3 < m 1 < m 2 (or ∆ 31 < 0) can be examined in a similar way. For antineutrino oscillations, one can repeat the same calculations after the replacements U → U * and a → −a.
The starting point to analytically solve the RGEs in Eqs. (1)- (7) is to series expand ∆ ij (for ij = 21, 31, 32) in terms of the perturbation parameter α ≡ ∆ 21 /∆ 31 , which is estimated as α ≈ 0.03 for ∆ 21 ≈ 7.39 × 10 −5 eV 2 and ∆ 31 ≈ 2.523 × 10 −3 eV 2 , as first done in Ref. [25] . It has been shown in Ref. [15] that the series expansions of ∆ ij will be much simpler if the perturbation parameter is chosen as α c ≡ ∆ 21 /∆ c , which is on the same order of α and thus can be equally good for perturbation calculations. More explicitly, to the first order of α c , we have
with C 13 ≡ 1 − 2A c cos 2θ 13 + A 2 c . One can observe that the first-order term O(α c ) on the righthand side of Eq. (11) is absent. The series expansions in Eqs. (9)- (11) can be regarded as the trial solutions to ∆ ij . Inserting these solutions into their RGEs in Eqs. (5)- (7), one can obtain the analytical solution to θ 13 as follows
However, in order to find out the solution to the mixing angle θ 12 , we have to modify the expressions of ∆ ij in Eqs. (9)- (11) in the following way
where F(A c ) and G(A c ) are two functions of A c that need to be determined. The main strategy to determine these two functions is to require that the exact RGEs in Eqs. (1)- (7) must be satisfied if we substitute Eqs. (13)- (15) 
with the initial condition F(0) = sin 2 θ 12 . In our previous work [15] , the approximate relations 
to which the exact solution is To illustrate how much the improvement on the solution to θ 12 is, we calculate the difference ∆ θ 12 ≡ θ 12 | analytical − θ 12 | numerical between the approximate analytical result and the exact numerical one and show its absolute value |∆ θ 12 | in Fig. 1 , where the best-fit values of neutrino oscillation parameters sin 2 θ 12 = 0.310, sin 2 θ 13 = 0.02241, ∆ 21 = 7.39 × 10 −5 eV 2 and ∆ 31 = 2.523 × 10 −3 eV 2 from the latest global-fit analysis of neutrino oscillation data have been used [26] . The red dashed curve refers to the analytical formula in Ref. [15] , while the blue solid one denotes the result in Eq. (19) . Although the difference between the previous approximate result and the exact value of θ 12 is always below 0.5
• , the improvement represented by the blue solid curve is quite remarkable. In the latter case, the deviation from the exact value of θ 12 appears to be maximal in the resonance region, which turns out to be at most 0.03
• . It is interesting to notice that the improvement on the analytical result can be attributed to the factor cos 2 θ 13 in the matter term, which has already been observed in the treatment of matter effects on solar neutrino flavor conversions in the two-flavor approximation [22, 23] . Based on the above observations, we can conclude that the effective mixing angles θ 12 and θ 13 are excellently described by the two-flavor neutrino oscillations in matter [15, [27] [28] [29] . In the former case, the neutrino mass-squared difference in vacuum is ∆ 21 , the mixing angle in vacuum is θ 12 , and the matter parameter is a cos 2 θ 13 . In the latter case, these three parameters are given by ∆ c , θ 13 and a, respectively. Given the improved result of the function F in Eq. (18), one can verify that the expressions of three effective neutrino mass-squared differences ∆ ij (for ij = 21, 31, 32) are then given by
where
and δ ≈ δ are justified, as shown in Ref. [15] , we now get a complete set of approximate analytical solutions to all the effective mass-squared differences, mixing angles and the CP-violating phase.
As an immediate application, the effective Jarlskog invariant J and all the elements of the effective flavor mixing matrix |V αi | 2 (for α = e, µ, τ and i = 1, 2, 3) can be explicitly calculated.
• The effective Jarlskog invariant in matter -In the standard parametrization of the effective flavor mixing matrix V , the effective Jarlskog invariant turns out to be J = sin θ 12 cos θ 12 sin θ 13 cos 2 θ 13 sin θ 23 cos θ 23 sin δ .
On the other hand, it is well known that the Toshev relation sin 2 θ 23 sin δ = sin 2θ 23 sin δ holds exactly [13] . Adopting the standard parametrization for the flavor mixing matrix U in vacuum, one can also express the Jarlskog invariant J in vacuum in terms of the fundamental mixing angles (θ 12 , θ 13 , θ 23 ) and the CP-violating phase δ, similar to that for the effective Jarlskog invariant J in Eq. (23) . Therefore, it is straightforward to get J J = sin 2 θ 12 sin 2 θ 13 cos θ 13 sin 2θ 12 sin 2θ 13 cos θ 13 ,
where the Toshev relation has been used. Now that the analytical formulas of cos 2 θ 13 and cos 2 θ 12 are given in Eq. (12) and Eq. (19), respectively, we can find sin 2 θ 13 ≈ 2 1 2 1 − A c − cos 2θ 13 
where the approximation sin 2 θ 12 ≈ 1 + ( A * − cos 2θ 12 )/ C 12 /2 has been made in the second line of Eq. (26) . Such an approximation is reasonable in the whole range of A c . For small values of A c , the matter effect is negligible for θ 13 such that cos 2 θ 13 ≈ cos 2 θ 13 . In this case, we have sin 2 θ 12 = sin 2θ 12 / C 12 as in the scenario of two-flavor neutrino oscillations. For large values of A c , the mixing angle θ 13 is significantly enhanced, and the approximation of cos 2 θ 13 ≈ cos 2 θ 13 is no longer valid. However, for such a large value of A c , the mixing angle θ 12 has already been enhanced to be close to 90
approaches zero. Thus, it is safe to ignore the factor of cos 2 θ 13 / cos 2 θ 13 in the second square root in the second line of Eq. (26) . Substituting Eqs. (25) and (26) into Eq. (24), we obtain
which takes the same form as in Eq. (8) but now with C 12 = 1 − 2 A * cos 2θ 12 + A 2 * . In fact, such a simple relation between J and J can also be understood via the Naumov relation [12]
For A c cos 2θ 13 , expanding C 13 on the right-hand side of Eq. (20) 
has the same asymptotic behavior as 1/( C 12 C 13 ) does. To some extent, this is the reason why the simple relation in Eq. (27) is also valid in the region of large A c .
• The effective mixing matrix elements in matter -With the approximate analytical results of three effective neutrino mixing angles θ ij (for ij = 12, 13, 23) and the effective CP-violating phase δ, we can also explicitly write down the expressions of the moduli for all the elements of the effective flavor mixing matrix V according to its standard parametrization. Although two of them have been given and briefly discussed in Ref. [15] , we collect all the analytical expressions below for completeness. The moduli of the matrix elements in the first row are
and those of the elements in the second row are 
The 
from which one can immediately check that the normalization condition
are also satisfied.
It has been demonstrated in Refs. [15, 21] and in our previous discussions that the analytical formulas for the effective parameters, or equivalently those for the moduli of the effective mixing matrix elements, agree excellently with the exact numerical results. Therefore, it is definitely interesting to see how they can be applied to the investigation of the leptonic CP violation for three-flavor neutrino oscillations in matter.
Extrema of the Jarlskog Invariant
As we have mentioned, the leptonic CP violation for three-flavor neutrino oscillations in matter can be described by the Jarlskog invariant J . In the left panel of Fig. 2 , we have plotted the ratio J /J by using the analytical formula in Eq. (27) , where the exact numerical result has also been shown for comparison. An excellent agreement between the analytical (the red solid curve) and numerical (the blue dashed curve) results is evident. In our numerical calculations, the previous best-fit values of neutrino oscillation parameters, together with sin 2 θ 23 = 0.558 and δ = 222
• , from the latest global-fit analysis of neutrino oscillation data have been adopted [26] . In the right panel of Fig. 2 , we show the absolute value of the differences between the analytical results and the exact numerical one, where ∆( J /J ) ≡ ( J /J )| analytical − ( J /J )| numerical has been defined. The analytical results are taken from Eq. (27) in this work and from Refs. [25, 30] . The accuracy of the analytical formula in Eq. (27) is as high as 0.1% for any values of A c , which is much better than that of the approximate analytical formulas obtained in Refs. [25, 30] . In this section, we investigate the existence and location of the extrema of the ratio J /J , which possesses two local maxima and one local minimum as indicated by three vertical dashed lines in the left panel of Fig. 2 . As in the previous section, we focus on the scenario of neutrino oscillations in matter in the NO case. The results for the scenario of antineutrino oscillations [26] . and the IO case will be discussed later. As one can observe from Eq. (27) , the extrema of J /J must be related to the coefficients C 12 and C 13 , which are actually the functions of A c and regularize the resonances corresponding to ∆ 21 and ∆ 31 for neutrino oscillations in matter in the NO case. To see this point clearly, we have presented in Fig. 3 the evolution of J /J , 1/ C 12 and 1/ C 13 against the matter parameter A c , where those two vertical dashed lines denote the resonance of 1/ C 12 = 1/ ( A * − cos 2θ 12 ) 2 + sin 2 2θ 12 at A * = cos 2θ 12 and that of 1/ C 13 = 1/ (A c − cos 2θ 13 ) 2 + sin 2 2θ 13 at A c = cos 2θ 13 , respectively .
In order to figure out the extrema of J /J , we have to compute its first derivative and require it to be vanishing, namely,
where the analytical formula in Eq. (27) has been implemented. With the definitions of C 12 and C 13 , it is quite easy to obtain d C 13 dA c = 1 • In the leading-order approximation, where the terms of O(α c ) in Eq. (34) are ignored, the cubic equation will be greatly simplified 
to which one can get the following three solutions
It is evident that the omission of the terms of O(α c ) oversimplifies the cubic equation of A c , leading to the incorrect solution A
c = 0, although we expect a local maximum at a very small value of A c as shown in the left panel of Fig. 2. • Retaining all the terms of O(α c ) in Eq. (34), we can find the corrected solutions
A 
where the higher-order terms of O(α = 1 sin 2θ 12 1 + cos 2θ 12 cos 2θ 13 sec 2 θ 13 α c ,
where only the terms up to O(α c ) are kept. Three extrema of J /J , as one can observe from the left panel of Fig. 2 , can then be well understood with the help of Eqs. (42)- (44). Some discussions about these approximate analytical results are in order.
• The first local maximum ( J /J )| 
Therefore, one can find out the neutrino energy E (1) for which the first maximum ( J /J )| max (1) is reached at A c = A
c , namely,
Analytical :
Numerical : is satisfied. Therefore, this maximum can be clearly understood as the resonance effect due to the two-flavor neutrino oscillations driven by the mass-squared difference ∆ 21 and the mixing angle θ 12 with the effective matter parameter a cos 2 θ 13 . The key point is that the matter effects on the effective mixing angle θ 13 for such a small value of A c = A
c are basically negligible.
• The local minimum ( J /J )| 
Numerical : E (2) = 6.69 GeV , A
where the corresponding values of neutrino energy E (2) for the minimum are also given.
To further simplify the analytical results, we expand both Eqs. (40) and (43) 
which are well consistent with the original analytical results. In particular, one can see that the local minimum ( J /J )| max (2) is suppressed by the factor α c / cos 2 θ 13 , arising from
c cos 2 θ 13 ) in the limit of A * cos 2θ 12 .
• Finally, the second local maximum (
c . For the same input parameters, one can get Analytical : E (3) = 9.10 GeV , A
Numerical : E (3) = 9.10 GeV , A 
where significant deviations from both the analytical and numerical results in Eqs. (52) and (53) should be noticed. This can be understood by observing the subtle cancellation in the denominator on the right-hand side of Eq. (44). However, it becomes clear from Eq. (55) that the first factor α c / cos 2 θ 13 on the right-hand side stems from C −1 12 in the limit of A * cos 2θ 12 while the second factor 1/ sin 2θ 13 comes from C −1 13 under the resonance condition A c = cos 2θ 13 .
At the end of this section, we shall give some brief comments on the results for antineutrino oscillations and for the IO case. For antineutrino oscillations in the NO case, we can immediately recognize that every term in Eq. (34) is negative after making the replacement A c → −A c .
Hence there are no extrema at all for J /J . For neutrino oscillations in the IO case, we define A c ≡ a/∆ c < 0 and α c ≡ ∆ 21 /∆ c < 0. With such definitions, we can derive a cubic equation of A c after calculating the first derivative of J /J and requiring it to be vanishing, which turns out to be exactly Eq. (34). Nevertheless, there is only one negative solution, which is A 
Conclusions
The primary goal of this paper is to improve previous analytical solutions to the RGEs of effective neutrino oscillation parameters, which are first obtained in [15] . We find that with only a simple replacement of A * ≡ a/∆ 21 by A * ≡ a cos 2 θ 13 /∆ 21 , the accuracy of the analytical results can be increased remarkably, especially for the results of the effective mixing angle θ 12 , the effective Jarlskog invariant J and three effective neutrino mass-squared differences ∆ ij (for ij = 21, 31, 32) in matter. In fact, such a replacement has been noticed in the treatment of matter effects on the flavor conversions of solar neutrinos in the two-flavor approximation. This is in accordance with the previous observations that neutrino oscillations in matter can be efficiently described by two decoupled oscillation modes [15, [27] [28] [29] . One is driven by the vacuum oscillation parameters {θ 12 , ∆ 21 } with the effective matter parameter a cos 2 θ 13 , while the other is governed by {θ 13 , ∆ c } with the ordinary parameter a. Moreover, we have demonstrated that the simple but useful formula J /J = 1/( C 12 C 13 ) with C 12 ≡ 1 − 2 A * cos 2θ 12 + A 2 * and C 13 ≡ 1 − 2A c cos 2θ 13 + A 2 c can be implemented to investigate the basic properties of the matter-corrected Jarlskog invariant J . As an example, we explain the existence and location of two local maxima and one local minimum of J /J for neutrino oscillations in the NO case. The approximate analytical expressions of these extrema and those of the corresponding parameters A c are presented, which are found to be in excellent agreement with the exact numerical results.
Although it is always possible to compute exactly all the effective neutrino oscillation parameters in a numerical way, the simple and compact analytical results will be helpful in understanding how the matter effects affect neutrino oscillation behaviors in matter. It should be also interesting to see whether the analytical formulas in the present work can be directly used to examine the leptonic unitarity triangles and the probabilities for neutrino oscillations in matter. We hope to come back to these issues in the future works.
